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COMPARISON OF FIXED- AND VARIABLE-TIME-OF-ARRIVAL
GUIDANCE SCHEMES FOR A MARTIAN PROBE LAUNCHED

FROM A MANNED FLYBY SPACECRAFT

By Thomas B. Murtagh, Flora B. Lowes and
Victor R. Bond

SUMMARY

A comparison of fixed- and variable-time-of-arrival guidance schemes
for a Mars probe launched from a manned spacecraft during a Mars flyby
mission in 1975 is presented. The problem is initiated when the probe
and spacecraft separate at the Mars sphere of influence and is terminated
when the probe arrives at a specified entry altitude and the spacecraft
arrives at periapsis. The relative state between the probe and space-
craft is assumed to be perfectly known so that the uncertainty covariance
matrix for the probe is equal to that of the spacecraft. The spacecraft
position and velocity uncertainties are reduced by onboard processing
of Mars-star included angle measurements using a Kalman filter.

The results of the study indicate that variable-time-of-arrival
guidance produces smaller root-mean-square velocity corrections than
fixed-time-of-arrival guidance, and would be more advantageous for space-
craft maneuvers. Fixed-time-of-arrival guidance appears to be better
for the probe corrections, however, in order to more efficiently control
the flight-path angle dispersions at entry.

INTRODUCTION

In reference 1, a preliminary analysis of the probe and space-
craft guidance and navigation systems was presented in which fuel con-
sumption for both vehicles was analyzed as a function of navigation -
system accuracy, number of navigation measurements processed, disper-

sions and uncertainties in the trajectory al separation, number and



timing of velocily corrections, and the accuracy of their execution. In
this reference, only fixed-time-of-arrival (FTA) position guidance was
ut:lized to compute the root-mean-square (RMS) velocity corrections for
both the probe and spacecraft.

The present study may be considered an extension of the analysis
presented in reference 1, primarily to compare FTA and variable-time-of-
arrival (VTA) guidance for both the probe and spacecraft. The probe is
assumed to be separated from the spacecraft at the Mars sphere of
influence (SOI) and is constrained to land 1 hour ahead of the space-
craft passage through periapsis.

The purpose of this study, then, is to present the midcourse RMS
velocity corrections required for the probe to attain certain flight-
path angle dispersions at entry as well as safe vacuum periapsis altitude
dispersions and for the spacecraft to attain reasonable altitude disper-
sions at its periapsis. These RMS corrections are presented for both
ITA and VTA guidance. A digital computer program was used to simulate
the dynamics of the problem and to process the optical measurements using
the Kalman filter.

ANATYSIS

Reference Trajectories of Probe and Spacecraft

The basic geometry of the probe and spacecraft_reference trajectories
is illustrated in figure 1. The initial position, s and velocity, Vs

of the spacecraft on the flyby hyperbola were generated using a matched
conic_interplanetary program (ref. 2). The probe velocity at the Mars

S80I, VbRORE® VS computed by specifying the speed at entry, Vs entry

altitude, hE’ and entry flight-path angle, Yg* The procedure for cal-

culating this velocity is developed in the Appendix. The characteristics
of the reference trajectory used for the probe and spacecraft in this
study are presented in reference 1 and correspond to the data for

lvol = 27 920 fps in that reference. The results of the analysis repre-

sent the uncertainties and dispersions normally distributed about the
reference trajectories.



Description of Navigation and Guidance Systems

The navigation system equations employed in this study are identical
to those developed in reference 1. The sensitivity vector which relates
measurement deviations to state vector deviations for the Mars-star in-
cluded angle measurement is developed in the same reference. The geo-
metry of the Mars-star included angle measurement is illustrated in
figure 2. The appropriate guidarce system error equations are also
developed in reference 1. The only change in these equations required
for the study presented here is in the computation of the guidance
matrix, G. This matrix appears in equations B-L4 and B-12 of reference 1.
Equation B-4 represents the update of the state dispersion covariance
matrix X(t) as a result of a guidance maneuver and is written

x(t)¥ = [I + G(t)] [x(t)" - E(t)"] [I + G(t)]T + E(t)" (1)

+ -
where ( ) indicates the matrix after the correction and ( )~ represents
the matrix immediately prior to the correction.

E(t) is a 6 X 6 matrix of estimation uncertainties and I is a 6 X 6
identity matrix.

Equation B-12 is
L(t) = [Gl(t) Gg(t)] [X(t) - E(t)] [Gl(t) Gg(t)]T (2)

where the 6 X 6 guidance matrix G(t) is defined as

0 0

6(t) = | 6, (6) c,(t) (3)

The RMS estimate of the velocity correction is computed from the square
root of the trace of equation (2). The guidance matrix, G(t), is com-
puted as a function of the type of guidance to be used (e.g., FTA or VTA).
The derivation and discussion of the three types of guidance matrices
used in this study are presented in reference 3. The first G(t) matrix
developed is for FTA position guidance; the second G(t) matrix developed
is for VTA guidance subject to the constraint that the magnitude of the
velocity correction be minimized; the third guidance matrix developed

is for VTA guidance with the constraint that flight-path angle disper-
sions at entry are nulled. An alternate derivation for the first two

of these guidance matrices is presented in reference L.



Assumptions
Following are the main assumptions for the study:

1. The probe and spacecraft are separated at the Mars SOI, and
the probe is constrained to land 1 hour prior to spacecraft passage
through periapsis.

2. At the SOI, the initial spacecraft position and velocity dis-
persions and uncertainties are assumed equal and are equal to the probe
dispersions and uncertainties Jjust prior to separation.

3. The covariance matrix at the time of separation is taken to be
diagonal with RMS position and velocity errors equal to 300 n. mi., 18 fps;
150 n. mi., 9 fps; or 75 n. mi., 4.5 fps. The first set of initial
errors are considered to be conservative values and the results generated
from them can be used for preliminary system design. The second set of
initial errors are more realistic and represent values which could be
obtained by earth-based tracking of an interplanetary vehicle. The last
error set may be optimistic and therefore the results generated from
them should be interpreted accordingly.

4. The reference trajectories used are assumed to be ideal conics,
and the state transition matrix used to propagate the errors was derived
analytically for two-body conic trajectories.

5. The relative state between the probe and spacecraft is perfectly
known so that the uncertainty covariance matrix of the probe is equiva-
lent to that of the spacecraft. The spacecraft uncertainty covariance
matrix is reduced by processing Mars-star included angle measurements
with a Kalman filter.

6. The equation for the total variance of the observation errors,
OT’ can be written as

OTZ = °I2 + (c tan 0)2 (L)

and is derived and discussed in reference 1. The parameter 91 is the
standard deviation of the instrument error and was chosen to be 5 arc
seconds for this study. The parameter c¢ 1is defined as the ratio of
Mars radius uncertainty to the Mars radius and was taken to be 0.001 in
this note. (This value corresponds to a Mars radius error of the order
of 2 n. mi.). :



T. Both FTA and VTA guidance were used for both the probe and
spacecraft. No attempt was made to optimize the velocity correction
schedule for either of these types of guidance schemes.

Description of Simulation

A digital computer simulation program, PROBE, developed by the
authors was used to generate the results presented in this note. The
basic components of this program are a control routine which generates
trajectory and covariance matrix time histories for both the probe and
spacecraft, a set of subroutines which compute the conic state transition
matrix for propagating errors and integrating the state vector along
the conic, and another set of subroutines which update the covariance
matrices as a result of a navigation measurement or a guidance maneuver.
The RMS position and velocity errors, computed from the square root of
the trace of the covariance matrices, are presented in a locally-level,
coardinate system which displays both in-plane and out-of-plane errors.
The x-axis of this coordinate system is along the radius vector
to the probe or spacecraft (altitude), the y-axis is in the direction
of the velocity (range), and the z-sxis is along the orbital angular
momentum vector (track). The errors in this system are designated as
altitude, range, and track errors, and their time rates of change.

DISCUSSION CF RESULTS

Navigation Results

Uncertainties in the estimate of the state of a vehicle as deter-
mined by navigation measurements represent a lower bound for the state
dispersions. As can be seen by investigating equation (1), state dis-
persions are never better than the uncertainties in the estimate. By
investigating different navigation systems to reduce the estimate uncer-
tainties, one can expect to also reduce the dispersions. Thus, as the
navigation is improved, so is the ability to guide a spacecraft to a
specified target.

The navigation for this study was the same as that used in the
preliminary Mars probe study of reference 1. That is, the optical meas-
urement considered was the star-planet included angle which was assumed
to be measured with an onboard sextant and processed by a Kalman filter.



Mars was at all times the planet used for the measurements. However,
the star used for each measurement was randomly chosen from a limited
catalogue of stars included in the simulation program. No attempt was
made to optimize the choice of stars for the measurements.

For the study presented herein, only one trajectory was used - the
trajectory for which |vo| = 2T 920 fps. Also for this study, the para-

meters o1 and c¢ were assigned the fixed values of 5 arc seconds and

0.001 (approximately 2-n. mi. Mars radius uncertainty), respectively.
Thig trajectory and these value assignments were chosen on the basis
of the results and conclusions of a preliminary Mars probe study (ref. 1).

Since the position uncertainty of principle interest is that at
periapsis for the spacecraft and at vacuum periapsis for the probe, the
results of the analysis are presented for these terminal points only.

Results of the navigation analysis are presented in figures 3, 4, 5,
and 6.

Spacecraft.- Figures 3 and 4 show the altitude, range, and track
components of spacecraft RMS position uncertainty at Mars periapsis.
These values are plotted against time to Mars periapsis in order to
illustrate approximately how well the periapsis altitude, range, and
track component uncertainties are known at any time along the trajectory.
The periapsis altitude for the study was assumed to be 100 n. mi.

Figures 3 and 4 each contain three curves. These three curves
represent position uncertainties at Mars periapsis for three different
sets of initial BRMS position and velocity errors (OR and Gv ) - that

for 300 n. mi., 18 fps; 150 n. mi., 9 fps; and TS'n.Omi. h.Sofps. The
results of the latter set of initial errors are presented for information
only, as they are considered too optimistic for strictly an onboard navi-
gation system.

From previous studies it has been found that a measurement frequency
of less than 15-minute intervals does not significantly affect the peri-
apsis position error curve profile. Thus, the results presented are

Fran mammmntarmmanmd Jand miienn T A AN oA T E
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Figure 3 contains resulting data for a measurement interval of 30
minutes. The three RMS position error components - altitude, range,
and track ~ are plotted in figures 3(a), (b), and (c), respectively.

Figure 3(a) shows that for each of the three different initial errors,
the periapsis altitude uncertainty approaches the same value after approx-
imately twenty measurements. As can be seen, after this point all three
curves continue to converge to approximately the same terminal value of
2 n. mi.

Figure 3(b) illustrates the RMS range uncertainty at periapsis for
the same conditions as that for the altitude uncertainty. As can be
seen, the major portion of the total FMS position error lies in the down-
range component. Also illustrated is that the down-range error cannot
be determined untii late in the flight. This trait is characteristic of
the information obtained from onboard observations. However, this affects
only the arrival time, thus performance is generally good regardless
(ref. 5). It should be pointed out that the profile of flight-path angle
errors would follow the trend of that of the down-range errors. Therefore,
flight-path angle errors would also not be determined until late in flight.

The curves of figure 3(c) represent track uncertainties - the third
error component of the total RMS position errcr. Little need be said
about these curves for, as can be seen, they drop quite rapidly and con-
tinue at rather low values to the terminal point.

Figure 4 presents, in the same sequence as in figure 3, the results
of the same study for measurements at 15-minute intervals. Practically
the same conclusions can be drawn from the altitude, range, and track
curves of figures U4(a), (b), and (c) as were drawn for figures 2(a), (b),
and (c). The only appreciable difference appears in the altitude uncer-
tainty curves. Because of the more frequent measurements, there does
appear to be a slightly earlier drop and leveling off in the altitude
errors with a convergence between 20 and 30 measurements.

The main conclusions that can be drawn from the comparison of space-
craft periapsis position uncertainties for different initial error values
are as follows: (1) BRMS altitude errors tend to approach the same wvalue
after approximately the same number of measurements in all three cases




and continue to converge to the same terminal value, (2) Down-range
errors are not determined until late in the flight and tend to be the
largest component in the total RMS position error (however, this affects
only arrival time), (3) Measurements made at frequencies of less than
one per 30 minutes have little effect on the curve profiles when the
initial RMS position and velocity errors are equal to or below 300 n. mi.
and 18 fps.

Probe.- Figures 5 and 6 pertain to the probe and present the RMS
altitude uncertainty at vacuum periapsis for initial errors of 300 n. mi.,
18 fps and 150 n. mi., 9 fps using a measurement interval of 30 and
15 minutes, respectively. The altitude uncertainties are plotted against
time to Mars vacuum periapsis. Results from these two cases were deemed
sufficient for analysis of the probe altitude uncertainties. Thus, no
data pertaining to the third case of initial errors were plotted as
were done for the spacecraft.

As was expected, upon investigation of the results presented in
figures 5 and 6, it is possible to draw approximately the same conclusions
for the probe as those for the spacecraft.

Guidance Results

The results of the guidance analysis for the probe and spacecraft
are presented in tables I through VI. The correction times, tc, given

in these tables are measured from the time of separation at the Mars
sphere of influence. Tables I and II summarize results for single im-
pulse corrections at the times given; tables III through V summarize
results for two midcourse corrections with the time of the second cor-
rection corresponding to the times, th, given in the tables. Table VI

compares FTA guidance and the second type of VIA guidance for the probe
assuming a perfect navigation system and no velocity-correction imple-
mentation errors.

The FTA results presented in these tables attempt to null all posi-
tion errors at spacecraft periapsis and prcbe vacuum periapsis. The
VTA results in the tables allow the range error to be free while mini-
mizing the magnitude of the applied correction. (This guidance is re-
ferred to as radius of periapsis guidance in reference 4.) The aimpoints



for this guidance are alsc spacecraft periapsis and probe vacuum peri-
apsis. The results for VIA guidance nulling flight-path angle errors

at entry are not presented, except in table VI, because in the presence
of the navigation system errors assumed and the guidsnce correction im-
plementation errors chosen, the results for this type of probe guidance
(with an aimpoint at the nominal probe entry altitude) were almost equiv-
alent to the FTA guidance results presented.

No attempt was made in this study to develop an analytical solution
to the optimum velocity correction schedule. Development of such a
solution requires first that three criteria be satisfied (ref. 5). The
first of these criteria states that at the time of each correction the
miss has been estimated better than it can be corrected. This criteria
cannot be satisfied with the navigation system simulated in this study.
The addition of Earth-based radar tracking, coupled with an onboard navi-
gation system such as that used in this note, would enable the first
criteria to be satisfied. Simulation of this type of tracking was be-
yond the scope of this study, but will be considered in a future analysis.
However, the AV results presented in this study, though non-optimuu,
are more than adequate for preliminary system design.

The velocity correction implementation errors assumed for the
tables presented were a l-percent proportional error and a l-degree
pointing error. The instrument accuracy assumed was 5 arc seconds, and
the Mars radius uncertainty was 2 n. mi.

Spacecraft.- In table I the single correction results for the space-
craft are presented for initial errors at separation of 300 n. mi. and
18 fps and navigation measurements processed at 30- and 15-minute inter-
vals, respectively. Using FTA guidance it appears that a spacecraft
periapsis altitude dispersion of 5.6 n. mi. can be obtained for one cor-
rection equal to 320 fps (RMS); this correction is applied approximately
1 hour prior to spacecraft periapsis passage (17 hours from Mars SOI).
With VTA guidance, and applying the single correction at the same time,
an RMS AV = 260 fps produces a 5.0-n. mi. spacecraft periapsis altitude

dispersion. The range dispersion, however, has increased from 87 to
238 n. mi.

Table II represents single correction results for initial errors
at separation of 150 n. mi. and 9 fps processing navigation measurements
at 30- and 15-minute intervals, respectively. With FTA guidance, an
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RMS AV = 152 fps produces a 3.8-n. mi. periapsis altitude dispersion;

a single correction executed at the same time using VIA guidance re-
quires 130 fps and produces a 3.6-n.m. periapsis altitude dispersion.

It should be noted that the single correction values in table II, with
initial errors one-half those in table I, are approximately one-half
the values of the single correction values presented in the first two
tables. The reason for this is that the first midcourse correction
after separation attempts to null the dispersions present in the tra-
jectory at separation and therefore is proportional to these dispersions.
Consequently, if the initial dispersions are reduced by a factor of two,
then the first correction should also be reduced by the same factor.

Table IIT illustrates the results of meking two midcourse correc-
tions, using either FTA or VTA guidance, with initial errors of 300 n. mi.
and 18 fps, and processing navigation measurements at 30- and 15-minute
intervals. The first correction was assumed to have been made at 9.0 hours
from separation (approximately 9.0 hours, also, from spacecraft periapsis)
and required an RMS AV = 50 fps. The second correction is assumed to be
made at any of the times shown in the tables. To illustrate the advantage
of maeking two corrections rather than one, consider table III(b) (FTA
guidance) and assume that the second correction is made 17.0 hours from
the Mars SOI (approximately 1 hour prior to periapsis passage). The
total BRMS AV = 50 + 187 = 237 fps with a resulting periapsis dispersion
of 4,7 n. mi. If now we consider table I(b) (FTA guidance),a single
correction executed 17.0 hours from the Mars SOI requires 320 fps with a
resulting dispersion of 5.6 n. mi. Therefore, the two corrections have
consumed 83 fps less than the single correction and have reduced the
periapsis altZtude dispersion by approximately 1.0 n. mi.

To illustrate the advantage of VTA over FTA guidance, again consider
table III(b). For FTA guidance, as indicated above, two corrections
required a total RMS AV = 237 fps with a resulting dispersion of
L7 n. mi. If VTA guidance were used, the total RMS AV would be
50 + 11 = 61 fps with a resulting periapsis altitude dispersion of
4.0 n. mi. It should be noted, however, that this reduction in AV has
been obtained at the expense of increasing the resulting range error
from 82 to 237 n. mi. The range error increase is not considered impor-
tant because it represents only a few seconds difference in periapsis
bassage time.
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Table IV presents the results for two midcourse corrections when
the initial errors at separation are 150 n. mi, and 9 fps; table V
presents similar results for initial errors of 75 n. mi. and 4.5 fps.
The discussion above, presented for the case of initial errors of
300 n. mi. and 18 fps, would apply equally well to these tables and the
resulting total RMS AV would necessarily be smaller because of the
smaller initial dispersions.

These data on spacecraft dispersions indicate that a minimum of
two corrections are required inside the sphere of influence in order
to keep AV requirements to a minimum. However, the system design
should include the capability of executing more than two midcourse
corrections. (These comments apply equally well to the probe guidance
system. )

Probe.- The single correction resnlts for the probe are also pre-
sented in tables I and II, with table I using initial errors of
300 n. mi. and 18 fps and table II using initial errors of 150 n. mi.
and 9 fps.

The computation of the RMS flight-path angle dispersions presented
in the second to last column of these tables (and tables III through
V) were calculated by propagating the dispersion matrix to entry, nul-
ling the range errors, and using the resulting matrix in equation C-10
of reference 1. This is not a mathematically rigorous technique but
it does represent a reasonable approximation for computing realistic
flight-path angle dispersions at the nominal entry altitude. If the
range errors are included, the resulting flight-path angle errors
computed will be much larger than those presented in the tables but
will not represent the error in flight-path angle at the nominal entry
altitude (because of the timing error related to the downrange error
in the dispersion matrix).

The RMS vacuum periapsis altitude dispersion (1lo) data presented
in these tables (as well as tables V through X) are a measure of the
corridor width that can be obtained by the probe guidance system.

Using FTA guidance, the data in these tables indicate that an

= 1716 fps will produce a vacuum periapsis altitude dispersion
mi. (v 32 n. mi. corridor) and flight-path angle dispersion

nitial errors at separation of 300 n. mi. and 18 fps.

e —~

1
+ .



With initial errors of 150 n. mi. and 9 fps (using FTA guidance) a
single correction of 811 fps (RMS) is required to produce a vacuum
periapsis altitude dispersion of 3.6 n. mi. (v 21 n. mi. corridor) and
a flight-path angle dispersion of 0.85°. The timing of each of these
corrections is 17.5 hours after separation or approximately 20 minutes
before the probe arrives at the nominal entry altitude. If VTA
guidance for the probe is used (e.g., VIA such that the magnitude of
the correction is minimized), the value of the correction is smaller
and the vacuum periapsis altitude dispersion is less, but the flight-
path angle dispersion at entry is slightly larger. The reason for this
is that the VTA guidance allows the range error to be free, and it is
precisely the increase in this error which raises the value of the
flight-path angle dispersion.

(If VTA guidance were used for the probe with the constraint that
flight-path angle errors at entry be nulled, the results would be
practically identical to the results obtained for probe FTA guidance.
Therefore, these results are not presented in this note.)

The two midcourse correction results for the probe are presented
in tables III through V for navigation measurements processed at
30~ and 15-minute intervals and with initial errors at separation
of 300 n. mi. and 18 fps, 150 n. mi. and 9 fps, and 75 n. mi. and 4.5 fps.

To illustrate the advantage of two corrections over one for probe
guidance, consider tables I(b) and III(b) (FTA guidance). In table I(b),
as indicated above, a single RMS AV = 1716 fps produces a 5.4-n. mi.
vacuum periapsis dispersion and a 1.66° flight-path angle dispersion.
In table III(b), if the second correction is made at the same time as
the single correction cited in table I(b), the total RMS AV = 55
+ 1073 = 1128 fps with a resulting vacuum periapsis altitude dispersion
of 4.5 n. mi. (27 n. mi. corridor width) and a 0.37° flight-path angle
dispersion at entry. The two corrections require 588 fps less than the
single correction and produce smaller vacuum periapsis altitude and
flight-path angle dispersions.

If VTA guidance were used for the probe, the RMS AV requirements
and corridor width would be decreased, but the flight-path angle
dispersions at entry would be increased. As an example consider
table III(b) for the probe under VTA guidance. The RMS AV =
55 + 55 = 110 fps with a resulting RMS vacuum periapsis altitude
dispersion of 3.6 n. mi. (v 21 n. mi. corridor width) and a 0.78°
flight-path angle dispersion at entry.
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The RMS corrections using FTA guidance with the smaller initial
errors at separation (see tables III through V) will of course be
proportionately smaller and will produce somewhat smaller dispersions
at the aimpoints of interest. Likewise, the VTA corrections are
smaller than the FTA corrections for the probe, but produce slightly
larger flight-path angle dispersions at entry.

Table VI compares probe RMS AV and dispersions at vacuum periapsis
and entry when using FTA guidance and VTA guidance nulling flight-path
angle errors at entry. The first part of the table illustrates what
has been already pointed out, that in the presence of the navigation
and guidance system errors assumed in this study the FTA and VTA
(nulling flight-path angle dispersions) for the probe produce almost
identical answers. The two guidance types are compared again at the
bottom of the table with zero navigation and guidance correction
implementation errors. This data is presented only to illustrate the
difference in the constraints imposed by the two guidance laws.

CONCLUDING REMARKS

A comparison of fixed and variable time of arrival guidance for a
Mars probe launched from a manned flyby spacecraft has been presented.
The problem was initiated with the probe and spacecraft separation at
the Mars sphere of influence and was terminated with the probe arrival
at a specified entry altitude and the spacecraft arrival at periapsis.

The results of the study indicate that variable time of arrival
guidance produces smaller RMS velocity corrections than fixed time
of arrival guidance, and would be more advantageous for spacecraft
maneuvers. OSpacecraft periapsis altitude dispersions of the order of
5.0 n. mi. can be obtained for a single VTA correction of 260 fps
when the initial errors at separation are 300 n. mi. and 18 fps. With
two midcourse corrections, using VIA guidance, spacecraft periapsis
altitude dispersions of 2.6 n. mi. can be obtained for a total
RMS AV = 75 fps. These numbers are reduced when the initial errors
are decreased.



1L

Fixed time of arrival guidance appears to be better for the probe
maneuvers in order to more efficiently control the flight-path angle
dispersions at entry. With a single FTA correction of 1716 fps, a
probe vacuum periapsis altitude dispersion of 5.4 n. mi. (corresponding
to a 32.4-n. mi. corridor width) and a flight-path angle dispersion
at entry of 1.66° can be obtained with initial errors of 300 n. mi.
and 18 fps. With two midcourse corrections, using FTA guidance, a
probe vacuum periapsis altitude of 4.5 n. mi. (27-n. mi. corridor
width) and flight-path angle dispersion of 0.37° can be achieved for
a total RMS AV = 1128 fps. These numbers are also proportional to the
initial dispersions assumed at the time of separation.
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APPENDIX

SOLUTION FOR THE CONIC TRAJECTORY THAT SATISFIES

THE TERMINAL ENTRY CONDITIONS OF Ve Ygo hE

It is assumed that the probe is at the initial position vector,
50, and it is desired that the terminal or entry speed, v_, flight-

path angle, Yg» and altitude, h_,, be satisfied. The inclination, i,

E’
of the trajectory is also specified. The geometry of this problem is
shown in figure Al. The derivation of the velocity required

v, (v

R \Vg T vPROBE) at to to satisfy these conditions will now be derived.

The semi-major axis of the trajectory is computed from,

2\"1
v
g = (2— - -.1‘1) ' (A-1)
I u

where rp = hE + Rp. If a>0, the trajectory is elliptic; if a<0, the

trajectory is hyperbolic.

The parameter, p, is found from,

2 s 2(

v: rf sin“(vy._)

= E'E E (3-2)
"

=

The eccentricity of the trajectory is then,
= ‘? _ R
e 1 . (A-3)
The radius of periapsis is found from,

r. = a(l - e) (A-L)
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At this point it should be noted that if the trajectory is elliptical
the constraint

T, L= T, (a-5)

must be imposed.

From the polar equation of the orbit, the angle © between 50 and

entry may be found the true anomsalies,

-1
fo = COS . (E— - ) (A—6)
o
and
- -1 |1 (- _ -
fy = cos - (rE ) (A-T)
and by setting
. - A-8
0o, -1 (a-8)

The normal to the trajectory plsne is computed fram
h=isin@sini-Jcos Qsini + Kk cos 1. (A-9)

The inclination, i, is specified, and Q@ is the right ascension of the

ascending node which may be computed from r and i, except for an

o]
ambiguity which may be freely chosen.

From figure A2, the right ascension & and declination 60 of ;o

mgy be computed from

(o]

¢ = -m‘l(—Q) (A-11)
[+ l‘o

. = ten" ..2) (a-10)
Qo X
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Also from figure A2,

Q=a -g¢ (A-12)

for one choice of Q

n-uo+o+n (A-13)

for the other choice of . For both cases, ¢ is computed from

tan §o
tan 1 (A-14)

sin o =

Equation (A-14) implies the limits on inclination which may be
specified, that is,

'tm 1°l > |tm 5°| (A-15)

for (A-14) to be meaningful.

From figure Al, it is evident that the entry position and velocity
mey be written

[« 1
[

¥ ; -
, o)
e = Tp ,(cos 8 -fo- +8in 0 W) (A-16)

and T R
o .
g cos€+y9;—o+sm(e+y1)¥l

pit'

(A-17)
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where the unit vector W lies in the trajectory plane and is defined
by
~ . ,
Ve .w,;:;‘?. . _ (A-18)
o

The velocity required may now be simply found from the triple
cross-product

rx[(rxv. )% x(F s 7 A-1
r, x (r<> x VR) n_zro X (r!: X VE) (A-19)
which is true since r_ X v, = r_ x v, is the angular momentum vector

o R E E
which must remain constant. After considerable algebra (A-19) may be

solved for w-rR .

r . o TaY
- Q
R r, © Y;O'

ro sin Yoo (A-20)

The magnitude of v, is found from

R
(2 1
viey o-:) . (A-21)

‘? X v | - Fm*’ vy (A-22)
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or, r_. v

o YR Vv

sin Yo = T B sin YE

E

. r'vl sin YE
rovR

and Yo * sin” (A-23)

The time to entry may be computed from the following equation
from reference 6:

r °* v
toa 2B y2clax?2l v hor ax3sfa x2] ¢+ x (a-2l)
\u
E ” o o o o

where o = é and c@xzj and S ':aXZJ ‘are Battin's ‘auxiliary functions.
X is found fram

X = [EE - Ee] Ve, if &0 (A-25)
X = [HE - Ho] -a, iflaﬂo . (A-26)

If the trajectory is elliptical (a>0), the quantities EE and EO are
the eccentric anomalies and are found from

t.,.(g) .

- T -
=g e

ljll’



41

If the trajectory is hyperbolic (a<0), the quantities H, and Ho are

found from

tan h (%) = : - i tan (%) (A-28)

When these equations are applied to determine the ;R of the probe,

the inclination and right ascension of the ascending node are the
same or very nearly the same as that of the spacecraft.



‘N1S A UNIT VECTOR OUT OF PAGE

Figure Al,- Geometry of trajectory which satisfies the entry
conditions VE' Yer g (= Rp + hE)°




_.20
0 Vo
R =oa+to+n
| Q+=a-a
| . _tané
sing =
tan i

Figure A2,- Geometry of the two trajectories possible that satisfy the entry conditions.
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